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Inviscid Analysis of Transonic, Slatted Airfoils
D.A. Caughey*

McDonnellDouglas Corp., St. Louis, Mo.

A numerical method is presented for the analysis of the inviscid flowfields about airfoils with leading-edge
slats operating in the transonic speed regime. The method is based upon a previously developed, small-
disturbance theory for transonic airfoils, utilizing the geometrical advantages inherent in a preliminary con-
formal mapping to the complex potential plane of the incompressible flow about the body. In the current study,
the mapping is performed for the main airfoil alone; the slat is incorporated using thin airfoil theory to displace
the point of application of the slat boundary conditions to the nearest coordinate line of the computational grid.
The finite-difference analog of the resulting equation for the perturbation potential is solved using type-
dependent line overrelaxation. Arbitrary slat-airfoil combinations can be treated, and agreement with ex-
perimental data is quite good for cases in which viscous effects on the slat are not too important.
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Nomenclature

= speed of sound

= coefficients in quasi-linearized equation

= air foil chord
= main airfoil lift coefficient
= pressure coefficient
= scaling function in ^-direction
— scaling function in 0-direction
= freestream Mach number, = I
= perturbation velocity potential
= nonlinear coefficient in potential equation
= magnitude of incompressible velocity vector
= independent variable in ^-direction in com-

putational plane
= independent variable in </>-direction in com-

putational plane
— freestream velocity
= coordinate in freestream direction
= distance from nose of main airfoil
= Prandtl-Glauert parameter, = (1 —M2^ 1/2

= specific heat ratio
= incompressible circulation about airfoil
= slat circulation
= total contribution to circulation due to com-

pressibility and slat
= small parameter in transonic limit
= slat surface angle, relative to local in-

compressible streamline
= incompressible velocity potential, = Re (3>/)
= velocity potential
= complex incompressible velocity potential
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\l/ = incompressible stream function, = Im (<£,)
\l/si = value of \// most closely approximating

location of slat

Subscripts and Superscripts

= normalized quantity in transonic limit
= freestream value
= value on upper surface of slat
= value on lower surface of slat

Introduction

IN the design of high-performance aircraft, the simul-
taneous constraints of efficient high-speed cruise and good

transonic maneuverability necessarily result in performance-
limiting compromises. The extent of these limitations can be
considerably reduced by permitting the aerodynamicist
^greater flexibility in the geometric configurations he is
allowed to employ. One such avenue of greater flexibility is
the use of fixed or variable-geometry, multi-element lifting
surfaces. In particular, one promising area of interest to
designers of high-performance aircraft is that of the tran-
sonic, or maneuvering, slat. Such devices, if properly
designed, hold the promise of greatly increased buffet-free
transonic lift coefficients while not significantly detracting
from high-speed cruise efficiency.

Several methods exist1"4 or are currently under develop-
ment5 for treating either exactly or approximately the inviscid
flow about multi-element airfoils in the incompressible flow
regime. Unfortunately, all of these methods rely upon either
conformal mapping techniques or surface singularity
methods, and are therefore not directly applicable to com-
pressible flows. The present method attempts to fill this
requirement, i.e., to provide the aerodynamicist with a tool
for analyzing the inviscid, transonic flow about slat-airfoil
combinations.

Analysis
Small-Disturbance Theory

The basis for the present study is a small-disturbance form
of the potential equation, derived in the complex potential
plane of the incompressible flow about the main airfoil to be
analyzed.6 This choice of independent variables is motivated
by the requirements that 1) the airfoil surface reduce to a
coordinate line for exact application of the boundary con-
ditions there, and 2) the coordinate system be amenable to a
simple description of the limiting flow in the perturbation
analysis. The first requirement is satisfied, as the body



30 D.A. CAUGHEY J. AIRCRAFT

reduces to a portion of the real axis in the complex potential
plane, while the second will be satisfied by choosing the in-
compressible velocity field as the limiting flow for the per-
turbation analysis.

The complete nonlinear equations of perfect fluid flow for
the case in which a velocity potential exists may be reduced to
the form

= V$- V(!/2V$2) (1)

where $ is the velocity potential and a is the speed of sound,
which must be related to the velocity potential by means of the
Bernoulli equation. For the homoenergetic flow of a
calorically perfect gas of specific heat ratio 7, this may be
written

7-7
(2)

where U is the freestream velocity and the subscript oo refers
to conditions in the freestream. The existence of a velocity
potential is guaranteed, at least to terms of second order, in
the classical transonic small-disturbance theory7 and is a great
convenience for use in relaxation schemes.

The perturbation potential P is introduced as a measure of
the departure of the solution from the incompressible poten-
tial as follows:

(3)

where M^ = U/a^ is the freestream Mach number and <j> and
\l/ are, respectively, the real and imaginary parts of the in-
compressible potential function, <!>, = <£ + /^. The perturbation
theory for Eqs. (1) and (2) is now developed under the
simultaneous constraints that 1) an orderly expansion of the
Janzen-Rayleigh type is obtained in the limit as the Mach
number vanishes, and 2) a nontrivial transonic limit is ob-
tained under a multiple-limit process whereby the in-
compressible velocity field approaches a uniform value while
the Mach number approaches unity.

Substitution of Eq. (3) into Eqs. (1) and (2) then yields the
"universal" equation

(7 +

• l/2M2-^-~ P, (4)

where Q is the magnitude of the incompressible velocity,
which is assumed known for our purposes as a function of </>
and \l/. In the limit as M^—0, Eq. (4) contains the classical
Janzen-Rayleigh limiting form, up to and including terms of
second order. On the other hand, in the multiple limit defined
by

dP=p
6^00=7 -Mi

= l-Q2

the transonic limiting form

(5a)

(5b)

(5c)

(5d)

b = _ i / 2 _ ^ (6)

is found as M^ — 1 (i.e., 6—0). In this transonic limit, the
condition on Q is analogous to the requirement of vanishing
thickness ratio in the classical theory. Unlike the classical
theory, however, the parameter 6 has no clear-cut global
significance, and since no useful similitude arises from the ac-
tual limiting process, Eq. (4), in terms of the original
unreduced variables, is used in the calculations. The similarity
of Eq. (4) [or, equivalently, Eq. (6)] to the classical transonic
small-disturbance equation is evident. The equation is quasi-
linear, with the sign of the coefficient of the P00-term deter-
mining its type. Two differences from the classical theory
should be noted, however: 1) the present equation is to be
solved subject to homogeneous Neumann-type boundary con-
ditions on the body, with nonhomogeneity entering directly
through the right-hand-side of the equation; and 2) the
present theory is valid only when the freestream Mach number
is subsonic because of the manner in which this
nonhomogeneity is distributed throughout the plane.

This equation must be solved subject to the requirements
that there be zero normal velocity at the airfoil surface and
that the perturbations from the freestream vanish at large
distances from the body. Due to the orthogonality of our
coordinate system, this first condition may be formalized as

P* = 0 (7)

on the body surface, which is a portion of the real axis in the
(<p, i/O plane. The second condition is applied, not at infinity,
but at the boundaries of a finite computational domain. These
boundaries are located at a large enough distance from the
airfoil that the disturbances are nearly zero, and may be
represented by the lowest-order solution to the far-field ap-
proximation to Eq. (4).

p= - ( T t / 2 i r ) arctan (8)

where /3=(1—M2^Y2 and F, is the contribution to the cir-
culation of the compressible solution (over and above that of
the incompressible solution, which is contained in the basic
mapping). In addition, P must be allowed a discontinuity
equal to F, in crossing the body streamline downstream of the
trailing edge. The magnitude of F, is determined by the Kutta
condition which requires that the upper and lower surface
pressures be equal at the trailing edge of the airfoil.

Slat Boundary Conditions

Incorporation of the capability to treat slatted airfoils is
simplified by the choice of the streamlines of the in-
compressible flow about the main airfoil (lines of constant \l/)
as one of the independent variables of the problem. Since the
streamlines of the compressible solution will not differ greatly
from the incompressible ones, the assumption that a well-
designed slat will cause locally small perturbations to the flow
about the main airfoil alone admits the possibility of
linearizing the slat boundary conditions and applying them
along a single coordinate line. The use of such a mean-surface
approximation for the slat boundary conditions is analogous
to the treatment of boundary conditions in classical thin-
airfoil theory. That such a coordinate line closely ap-
proximates the chords of slats commonly used for transonic
maneuvering has been shown to be the case in most
geometries treated thus far by the method. A sketch depicting
one such geometry and illustrating the application of the slat
boundary conditions is shown in Fig. 1.

The boundary conditions to be applied along the line \l/ =
\l/sl are that the streamline slopes immediately above and
below that line equal those of the upper and lower surfaces of
the slat. To lowest order, this reduces to the condition that

tan

tan

(9a)

(9b)
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Incompressible streamline for flow
about main airfoil (mesh line) most
closely approximating slat position-

Mesh points at which
slat boundary conditions
are applied:
(Representative)
mesh points: +

Fig. 1

Locus of discontinuity
+ in potential due to

lift on slat-

Application of slat boundary conditions in physical plane.

where P^ (or P^ ) is the normal derivative of the per-
turbation potential above (or below) the line ;//,/, and 6+ (or
0~ ) is the angle of the upper (or lower) slat surface relative to
the grid line. Along the chordline of the slat, the line \l/— \[/s/ is
treated as a slit; values of P corresponding to the upper and
lower surfaces of the slat are not necessarily equal, nor does
the circulation integral around the slat necessarily vanish.
This latter fact allows lift on the slat and requires a discon-
tinuity in P along a line joining the slat to the point at infinity.
In practice, since such a discontinuity already exists for the
main airfoil along the dividing streamline leaving its trailing
edge, the slat-circulation discontinuity is chosen along a line
of constant <p connecting the slat and the main airfoil, with ac-
count taken of the discontinuity in the differencing formulas
at neighboring points. The discontinuity downstream of the
trailing edge of the main airfoil thus represents the total cir-
culation on both the slat and the main airfoil.

Finite-Difference Formulation

The preceding section described the analysis and for-
mulation of the problem as a quasi-linear, partial-differential
equation with its associated boundary conditions on the air-
foil, slat, and in the farfield. In practice, the complexity of the
equation precludes its analytical solution, even for simple
geometries, and the problem must be solved numerically. This
is achieved by replacing the differential equation (Eq. 4) by its
finite-difference analog at a finite number of points in the
plane, and solving the resultant set of (nonlinear) algebraic
equations by iteration for the values of P(0, \l/) at the given
points.

For the present purpose, the mapping of the main airfoil to
the complex potential plane is assumed to be known. In the
numerical implementation of the theory, this mapping is
carried out in two steps. First, the region exterior to the airfoil
surface in the physical plane is mapped to the exterior of a cir-
cle using a slight modification of a method developed by
James8 which determines the smooth modulating function
describing the nonsingular part of the velocity distribution on
the circle by Fourier analysis. This is then mapped to the
potential plane using the analytic relations for lifting, poten-
tial flow about a circular cylinder. This mapping of the main
airfoil to the potential plane is illustrated in Fig. 2. The poten-
tial plane has a slit along the real axis on the interval [(j>m\n,
oo), where <pmin is the value of the minimum potential which
intersects the body.

In addition, a slit representing the slat must be incorporated
as shown in Fig. 3. At mesh points along this slit, the potential
has two values, corresponding to the upper and lower surfaces
of the slat. This slit is joined to that representing the main air-
foil along a line of.constant <£. Across this line, P has a discon-
tinuity equal to F5, the circulation on the slat. The value of Ts
is determined by the requirement that the Kutta condition be
satisfied at the trailing edge of the slat.

a. Physical plane

Image of
upper surface
trailing edge— %

Image of _
lower surface
trailing edge-

b. Potential plane
Fig. 2 Mapping to potential plane of incompressible flow.

Finite-Difference Analog

For the purposes of this section, Eq. (4) may be represented
in the form

(10)

where the functions a, b, c, d may be determined by com-
parison with Eq. (4). For nearly all cases of practical interest,
a(4>,\l/) will be everywhere positive. Thus, the equation is
locally elliptic or hyperbolic depending on whether the quan-
tity
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Points at which slat A *
boundary conditions |
are applied Slit representing slat

Slat circulation
discontinuity

Points at which / + + + + v_s,it representing
main airfoil / + + + + main airfoil

boundary conditions
are applied

Fig. 3 Application of slat boundary conditions in potential plane.

is locally positive or negative, respectively. Equations of this
type have been shown to be amenable to solution using
relaxation techniques on their finite-difference analogs,
provided the form of the finite-difference operators is allowed
to reflect properly the local type of the equation.9

The finite-difference analog of Eq. (10) is derived by ap-
proximating the derivatives therein by finite differences of the
dependent variable P(c/>,^), at mesh points determined by the
intersections of the orthogonal net (0,, i//y). To achieve the
required resolution in regions of high gradients with a
minimum number of mesh points, the net is not uniformly
spaced, but rather, clustered near the body surface. This
clustering is achieved by defining new independent variables
according to the relations

t=g(<!>) (Ha)

(lib)

in terms of which the mesh is uniform. The functions f(\l/)
and g(q>) are specially chosen to give the desired distribution
of mesh points in the potential plane, while retaining the sim-
plicity and numerical stability of a uniform mesh in the (^,5)
computational plane. The derivatives in the potential plane
are easily related to those in the computational plane, e.g.

P • —e'Pr p — & r t (12a)

(12b)

with analogous formulas for the ^-derivatives. The form of
the potential equation thus becomes identical to Eq. (10), with
<t> replaced by t and \[/ by s.

The value of P at any mesh point is represented in the
notation PiJ=P(iAtf jAs) where At, As are the (uniform)
mesh spacings in the t and 5 directions, respectively.
Derivatives in the s-direction are represented by centered,
second-order differences at all internal (i.e., nonboundary)
mesh points:

2As (13a)

This operator is only first-order accurate and introduces a
dissipative truncation error into the solution in supersonic
regions which is sufficient to render the solution stable and
unique.

Boundary conditions on both the main airfoil and the slat
are treated by incorporating second-order accurate, finite-
difference representations of Eqs. (7) and (9) into the dif-
ferencing formulas at points lying on those boundaries. On
the surface of the main airfoil, Eqs. (7) and (13) combine to
give, on the upper body surface streamline./=./M

2As
= 0

whence

(As)2

(15)

(16a)

which does not involve the value of P at the necessarily fic-
titious point (i,ju — l) which lies "inside" the body.
Similarly, along the lower body streamline, y =./'/, we have

(16b)
(As)

At points lying on the slit representing the slat, the boundary
condition is not homogeneous, but is treated in a similar man-
ner. Thus, if j=js is the streamline along which the slat
boundary conditions are to be applied, we have from Eqs. (9)

Mi/'

Mi/'

tan

tan0~

(17a)

(17b)

and

(As)2

-2[PiJs -P/Jf., ~ (As/Mi/' )tanfl- ]
(As)2 (18b)

This treatment of the body surface boundary points is second-
order accurate, and guarantees that the partial differential
equation itself (Eq. 4) is satisfied on the slat and airfoil
boundaries. This is especially important as the region near the
bodies is one of very large gradients.

The farfield boundary condition, Eq. (8), is applied at
points on a rectangular boundary in the computational plane,
located a finite distance from the airfoil image. Thus, once the
value of the circulation constant F, has been determined at
any stage in the solution process, the values of P at these ar-
tificial boundary points are given by

2TT
arctan (19)

(As) (13b)

Analogous formulas are used for /-derivatives at points in the
field for which the local type is elliptic (i.e., where PF>0).
Such formulas would incorrectly represent the limited
domains of influence and dependence in regions of locally
hyperbolic type, however. For mesh points in these regions
(i.e., where PF<0), the second-order operator is skewed to
the upstream side of the point:

(14)

The discontinuity in P in crossing the real axis downstream of
the trailing edge of the main airfoil is handled by adding (or
subtracting) the constant F, to the values of P required in the
difference equation when the equation spans the slit. The
discontinuity is constant only in the physical plane; an in-
terpolation is necessary to find the value of P at the neigh-
boring point above or below the slit. The discontinuity in P
across the slit joining the airfoil and slat is similarly handled
by adding (or subtracting) the constant F5 to those values of P
required when the difference equation spans the slit. In this
case no interpolation is required since the mapping to the
physical plane is continuous.
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Relaxation Solution

The procedure of the previous section results in a system of
algebraic equations for the values of Pitj at each of the mesh
points in the computational plane. The difficulty in solving
these equations arises from two sources: 1) the number of
mesh points is generally large, so that even if the system were
linear, direct inversion of the coefficient matrix would be inef-
ficient, and 2) the system is not linear, the nonlinearity arising
not only from the form of the finite difference equation, but
from the fact that T, and Ts are a priori unknown. Both of
these difficulties suggest that an iterative solution is ap-
propriate.

The equations first are linearized by considering as
unknown only those quantities appearing in the highest order
differences, using values from the previous iteration for the
remaining quantities. The resulting linear system is solved by
successive line overrelaxation along lines of constant t,
sweeping the field in the downstream direction. From the
computed values of surface pressure near the trailing edges of
the slat and the main airfoil, the constants F5 and Tt are ad-
justed until the upper and lower surface values agree. This is
done continuously, i.e., after each sweep through the field,
Fs and F, are changed by an amount which locally forces the
Kutta condition to be approximately satisfied. As the solution
progresses towards convergence, the changes in these values
become smaller and smaller, as does the deviation from the
exact satisfaction of the Kutta condition.

Results
Two major questions regarding the validity of the proposed

theory might be posed. The first regards the ability of the
small-disturbance formulation to accurately represent super-
critical flowfields with or without shock waves; the second
regards the ability of the thin-airfoil representation of the slat
to realistically model its effects on the flowfield. The first
question can be answered by comparing results of the present
calculations for single airfoils with those of exact hodograph
methods for special (shockfree) cases, and with results of
more exact solutions of the complete potential equation for
more general cases (e.g., for those cases involving shock
waves). For the second question, no such definitive com-
parison can be made, since no exact potential solutions are
available for multi-element airfoils in the transonic regime. In
order to compare with potential solutions, we are forced into
the incompressible regime where accepted "exact" solutions
do exist for multiple bodies; comparisons at transonic speeds
are limited to those with experimental data (for which the in-
fluence of viscous and/or wind-tunnel-wall effects are not
always well-known).

The results of a number of calculations addressing these
questions will now be presented. In all cases, the results were
computed on a mesh with about 100 axially and 40 laterally
distributed points, including approximately 120 points on the
surface of the main airfoil. The slat surface was generally
represented by fewer than 20 points, but this number seemed
sufficient if the location of points .near the nose of the slat
were chosen carefully. The outer boundaries of the com-
putational region were chosen approximately 3 chordlengths
above and below the airfoil. Convergence for a given set of
conditions is generally achieved in 200-300 iterations,
requiring about 3 min of CPU time on the CDC 6600 com-
puter for which the program requires 70K (octal) of high-
speed core. An additional minute or so of CPU time is
required to perform the preliminary mappings for each
geometrical configuration to be studied.

Validity of Small-Disturbance Theory

The results of several calculations for the transonic flow
about single-element airfoils will be presented to illustrate the
ability of the basic small-disturbance theory to accurately

-1.0 -

-0.5

Fig. 4 Surface pressure distribution on Korn airfoil at design con-
ditions.

-1.0

1.0 -
Present theory

— — — Korn solution
D Experiment

0.5
x/c

1.0

Fig. 5
point.

Surface pressure distribution on Korn airfoil at off-design

predict the potential flowfield in such cases. First we show a
comparison of results for the so-called Korn airfoil, which has
a rather large supercritical region designed to achieve isen-
tropic recompression. Such shockfree airfoils provide a par-
ticularly sensitive test of accuracy as slight inaccuracies in the
solution are generally magnified in the recompression region,
resulting in the appearance of shock waves. Figure 4 compares
results for the surface pressure distribution on the airfoil of
the present method with those of the hodograph design
procedure of Korn and Garabedian.10 The present theory
shows a weak shock at the end of the recompression region,
but agreement is generally good.

Figure 5 is included to demonstrate the ability of the theory
to accurately predict flowfields with rather strong shock
waves. The results of the present method are compared with
those of the Korn and Garabedian analysis program,10 which
solves the finite-difference form of the complete potential
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Fig. 6 Geometry for incompressible test case.
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7a Slat surface pressure distribution for incompressible test
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Fig. 7b Main airfoil surface pressure distribution (modified) for in-
compressible slat test case.

equation. The surface pressure distribution is shown for the
Korn airfoil at an off-design point; the airfoil is at an angle of
attack of 0.24° in a flow with freestream Mach number of
0.768, and produces a nearly normal shock of upstream Mach
number slightly greater than 1.3 at the body surface. Also in-
cluded are the results of a high-Reynolds-number experi-
ment,10 which indicates the good agreement obtainable with
inviscid theories for well-designed airfoils. Again the

-1.0 -

-1.2

Fig. 8 Surface pressure distributions on main airfoil and leading-
edge slat.

agreement between the results of the present theory and the
solution of the complete potential equation is quite good.

Validity of Slat Treatment
To test the efficacy of the linearized treatment of the slat

boundary conditions, solutions using the present method were
compared with "exact" solutions obtained using the Douglas
Neumann Program surface singularity method1 for several in-
compressible test cases. A sample of these comparisons for
the geometry of Fig. 6 is shown in Figs. 7a and 7b. For this
case the slat was chosen to be a completely general test of the
theory in that it has angle of attack and camber as well as
thickness, relative to the coordinate line along which the
boundary conditions are applied. Note that the pressure
distribution plot of Fig. 7b has been modified to incorporate a
square-root scaling, designed to better depict the suction peak
on the main airfoil. Also shown is the pressure distribution on
the main airfoil in the absence of the slat to indicate the
magnitude of its effect. Agreement is seen to be excellent for
both the slat and main airfoil pressure distributions, except
for details finer than the resolution of the finite difference
mesh could hope to capture. The solutions are relatively in-
sensitive to the precise location of the line chosen to represent
the slat, which is consistent with the concept of the mean-
surface approximation used in applying the slat boundary
conditions. The stretching of the mesh in the lateral direction
can always be adjusted to place one of the coordinate lines
near the slat, however; in practice, the coordinate line has
usually been chosen to pass through the slat trailing edge.
Comparisons with Experimental Data

Finally, some comparisons with experimental data for slat-
ted configurations taken in the transonic speed regime will be
presented. The experimental data11 were obtained at a
Reynolds number of about 2x 107 in the two-dimensional in-
sert of the NAE 5-ft Blowdown Tunnel at Ottawa, Ontario.
The model tested was an NACA 64A-406 airfoil, modified to
have a retractable leading-edge slat of 13.5% chord. The part
line between the slat and main airfoil was designed to give the
main airfoil the same leading-edge radius when the slat was
extended as that of the original profile. Tests were run at
various angles of attack for several positions of the slat
relative to the main airfoil. The leading-edge configuration of
one such geometry is shown in Fig. 1.



JANUARY 1976 INVISCID ANALYSIS OF TRANSONIC, SLATTED AIRFOILS 35

-1.2

Fig. 9 Surface pressure distributions on main airfoil and leading-
edge slat.

Slat Airfoil
Theory —•—- — ———•

Experiment O D

2.0
-1.2 -1.0 -0.2

Fig. 10 Surface pressure distributions on main airfoil and leading-
edge slat.

For these comparisons, first-order viscous effects on the
main airfoil were accounted for by adding the displacement
thickness corresponding to a canonical pressure distribution
to the physical ordinates of the airfoil. Also, since the ef-
fective angle of attack of the model in the tests was uncertain,
results are compared for the same value of lift coefficient on
the main airfoil. In general, agreement between the calculated
results and the experiment was quite good for those cases in
which viscous effects on the slat were not judged to be too im-
portant. The results of two such cases are shown in Figs. 8 and
9. A third case, for which viscous effects on the slat are
probably important is shown in Fig. 10. Here the after portion
of the lower slat surface is thought to be badly separated, as is
evidenced by the lack of pressure recovery there which would
be expected due to its high camber. The incorrect modeling of

the effect of the slat separation also results in poor agreement
near the leading edge of the main airfoil.

Conclusions

The method presented here seems to offer promise for
analyzing the flow about airfoils with leading-edge slats in the
transonic regime for cases in which viscous forces do not play
a major role. It has been shown in studies of the in-
compressible flow about multi-element airfoils, that relatively
straightforward corrections for viscous effects, such as the ad-
dition of boundary-layer displacement thicknesses, to define a
new effective geometry, results in much-improved agreement
with experimental data.12'14 Similar improvements might be
expected if the present theory were corrected systematically
for these effects, and this is one area which warrants further
study. On the other hand, it might be supposed that since the
primary purpose of the maneuvering slat is to allow high lift
to be achieved at low values of drag, efficient designs will be
those which do not allow substantial separated zones to exist.
Thus, the method is already capable of treating many cases of
practical interest.
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